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Velocity-map imaging
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Abel transform

Cylindrically symmetric distribution
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Forward transform is a parallel projection:
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Inverse transform is formally
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In practice: noisy  singularity [Dribinski et al. (2002)]

Spherical/polar separable basis
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Forward Abel transform:
JI(R,©)dz=3, [In(R)cos" @dz = .
=3, [In(R)(fcos®) dz= N\ S
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That is, the projected image is
representable in the same form:

P(r,0) =3, Pn(r)cos"8,
with the “projected” radial distributions
Pa(r) = [I(R)(§)" dz
separably related to the initial radial distributions.

cos® = £ coso

Radial basis functions

The radial distributions In(R) can be approximated by
continuous piecewise linear functions. Their space is
spanned by a basis consisting of triangular functions:

11 bk (R) =
R—(k—1), Rel[k—1,k],

— be(R) (k+1)—R, Rel[kk+1],
0 otherwise.
o —
0 k=1 k k+1  Their Abel transforms

prn(r) = [ be(R)(§)" dz
have relatively simple
analytical forms for any
radial position k and
angular order n.

0 k=1 k k+1  [PyAbel, 2021]

Algorithm (inverse transform)
1. Extract the cos™ @ radial profiles P,(r) from the input
image.
2. Find their coordinates ck,, over the projected basis:
Pn(r) = 22k Ck,nPk,n(r)
for each angular order n (separately).

3. The reconstructed cos” 0 radial profiles are just
In(R) = Zk Ck,nbk(R),
and the reconstructed 3D distribution is
I(R, ©) =3, In(R)cos"®.
4. If needed, create the reconstructed image by
evaluating this I(R, ©) at each pixel.
5. If needed, convert I(R, ©) to the
etlR)1 1 1 B1(R)P1(cOS @) + B2(R)P2(COSO) + ... ]
representation.
Forward transform: same idea, but with swapping the
projected (pk,n) and distribution (bk, ) basis sets.

Basis-set precalculation time
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Summary of features

¢ Fast. Outperforms fastest available methods for
images 2 1 megapixel.

* Low memory consumption.

* High resolution. Reliably resolves 1-pixel features.

¢ Any (even and odd) angular orders up to ~ 15.

¢ Correct analysis of partial images by masking
missing, obscured, damaged, contaminated parts.

* Can be easily extended to analyze sliced VMI data
with arbitrary slicing-pulse thicknesses and shapes
([Ryazanov (2012)], not yet implemented in PyAbel).
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Velocity-map imaging
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Abel transform
Cylindrically symmetric distribution

0= Vx2+ 72
Ix,y,z)=I(p,y) x=pcose
Z=pSsing

Forward transform is a parallel projection:

P(x,y) = +fOOI (x,y,2)dz=

— (7 pdp
|>{| (0. y) Wy
Inverse transform is formally
dP(x y) 1
I(p, ax
(P y)= f v x2—p? e explicit basis set
ﬂ \ , e regularization

IN praCtice: nOlsy S|ngU|ar|ty [Dribinski et al. (2002)]



Spherical/polar separable basis
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That is, the projected image is cos® = £ cos6
representable in the same form:

P(r,0) =>,,Pn(r)cos" 6
with the “projected” radial distributions
Pn(r) = [In(R)(§)" dz

separably related to the initial radial distributions.




Radial basis functions

The radial distributions In(R) can be approximated by
continuous piecewise linear functions. Their space is
spanned by a basis consisting of triangular functions:

1 - bk(R) =
(R—(k—1), Re[k—1,k],
— bi(R) 1(k+1)—R, Relk k+1],
0 otherwise.
0 —
0 k—1 kK k+1

Their Abel transforms
— Proln) pi,n(r) = [be(R)(%)" dz
have relatively simple
analytical forms for any

radial position kK and
angular order n.

0 k=1 k k+1 [PyAbel, 2021]

—— Pk, 2(r)




Algorithm (inverse transform)

1. Extract the cos” 6 radial profiles Pn(r) from the input
image.

2. Find their coordinates ck n over the projected basis:

Pn(r) = 2.k Ck,nPk,n(r)
for each anqular order n (separately).

3. The reconstructed cos” 6 radial profiles are just

In(R) = Zk Ck,nbk(R),
and the reconstructed 3D distribution is
I(R,©)=>.,In(R)cos"0O.
4. If needed, create the reconstructed image by
evaluating this I(R, ©) at each pixel.
5. If needed, convert I(R, ©) to the
o)1 + B1(R)P1(cos ®) + B2(R)P2(cOSO) + ... ]
representatlon

Forward transform: same idea, but with swapping the
projected (pk n) and distribution (bg ) basis sets.



Basis-set precalculation time

Basis-set generation time (seconds)
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Transform time
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Output quality
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Summary of features

e Fast. Outperforms fastest available methods for
Images = 1 megapixel.

e Low memory consumption.

 High resolution. Reliably resolves 1-pixel features.
e Any (even and odd) angular orders up to ~ 15.

e Correct analysis of partial images by masking

missing,

obscured, damaged, contaminated parts.

 Can be easily extended to analyze sliced VMI data
with arbitrary slicing-pulse thicknesses and shapes
([Ryazanov (2012)], not yet implemented in PyAbel).
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